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Abstract
Possible patterns of the Majorana neutrino mass matrix M with one texture
zero and one vanishing eigenvalue are classified and discussed. We find that
three one-zero textures of M with m1 = 0 and four one-zero textures of
M with m3 = 0 are compatible with current neutrino oscillation data. The
implications of these phenomenological ansa¨tze on the neutrino mass spectrum
and the neutrinoless double beta decay are also explored in some detail.
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The recent SK [1], SNO [2], KamLAND [3] and K2K [4] neutrino oscillation experiments
have provided us with very convincing evidence that neutrinos are massive and lepton fla-
vors are mixed. At low energy scales, the phenomenology of neutrino masses and lepton
flavor mixing can be formulated by the effective neutrino mass matrix M in the flavor basis
where the charged lepton mass matrix is diagonal. Note that M totally involves nine real
parameters: three neutrino masses (m1, m2, m3), three flavor mixing angles (θx, θy, θz), one
Dirac-type CP-violating phase (δ) and two Majorana-type CP-violating phases (ρ and σ).
Although we have achieved some quantitative knowledge on two neutrino mass-squared dif-
ferences and three flavor mixing angles from current neutrino oscillation experiments, much
more effort is needed to determine these parameters to a high degree of accuracy. The
most challenging task is to pin down the absolute neutrino mass scale and the CP-violating
phases. The latter are entirely unrestricted by today’s experimental data.
However, the presently conceivable sets of feasible neutrino experiments are only possible
to determine seven of the nine independent parameters of M [5]. This observation implies
that some phenomenological hypotheses have to be made for the texture of M , in order to
establish testable relations between the experimental quantities and the parameters of M .
In Ref. [5], the patterns of M with two texture zeros have been classified and discussed. In
Ref. [6], particular attention has been paid to the possibility that M may have one vanishing
eigenvalue (i.e., m1 = 0 or m3 = 0). Both approaches allow us to determine or constrain
the values of neutrino masses and Majorana phases in terms of the relevant experimental
observables.
The purpose of this paper is to consider another simple but interesting approach for
the study of neutrino masses and lepton flavor mixing at low energy scales. We assume
that the Majorana neutrino mass matrix M possesses one texture zero and one vanishing
eigenvalue. Then we find that three one-zero patterns of M with m1 = 0 (normal hierarchy)
and four one-zero patterns of M with m3 = 0 (inverted hierarchy) are compatible with
current neutrino oscillation data. The implications of these phenomenological ansa¨tze on
the neutrino mass spectrum and the neutrinoless double beta decay are also discussed in
some detail.
In the flavor basis where the charged lepton mass matrix is diagonal, the neutrino mass
matrix M can be written as
M = V

m1 0 00 m2 0
0 0 m3

 V T , (1)
where the lepton flavor mixing matrix V can be parametrized as [7]
V =

 cxcz sxcz sz−cxsysz − sxcye−iδ −sxsysz + cxcye−iδ sycz
−cxcysz + sxsye−iδ −sxcysz − cxsye−iδ cycz



 e
iρ 0
0 eiσ 0
0 0 1

 (2)
with sx ≡ sin θx, cx ≡ cos θx and so on. It is obvious thatM depends on nine real parameters.
Allowing one entry of M to vanish, i.e., Mαβ = 0, we obtain
3∑
i=1
(miVαiVβi) = 0 , (3)
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where α and β run over e, µ and τ . There are totally six possible one-zero textures of M ,
illustrated in Table 1 as patterns A, B, C, D, E and F. Pattern A and its consequences have
somehow been discussed in Ref. [8].
Now we consider whether one of three neutrino masses can vanish. Note that the solar
and atmospheric neutrino oscillations probe the mass-squared differences
∆m2
sun
≡
∣∣∣m2
2
−m2
1
∣∣∣ ,
∆m2
atm
≡
∣∣∣m2
3
−m2
2
∣∣∣ , (4)
respectively. As the present solar neutrino data support m1 < m2 [2,3], m2 must not vanish.
Thus we are left with two possibilities [6]: either m1 = 0 (normal hierarchy) or m3 = 0
(inverted hierarchy).
(1) If m1 = 0 holds, Eq. (3) can be simplified to
ξ ≡ m2
m3
=
|Vα3Vβ3|
|Vα2Vβ2| , (5)
and
arg
(
Vα3Vβ3
Vα2Vβ2
)
= ±pi . (6)
Eq. (6) implies a strong constraint on the CP-violating phases hidden in the matrix elements
of V . The ratio of ∆m2
sun
and ∆m2
atm
can be calculated by use of Eqs. (4) and (5). We
obtain
Rξ ≡ ∆m
2
sun
∆m2atm
=
ξ2
|1− ξ2| . (7)
As Rξ ∼ 10−2 is required by current experimental data, ξ2 ∼ 10−2 must hold. Hence one
arrives at a normal neutrino mass hierarchy.
(2) If m3 = 0 holds, Eq. (3) can be simplified to
ζ ≡ m1
m2
=
|Vα2Vβ2|
|Vα1Vβ1| , (8)
and
arg
(
Vα2Vβ2
Vα1Vβ1
)
= ±pi . (9)
Again, Eq. (9) implies a strong constraint on the CP-violating phases hidden in the matrix
elements of V . The ratio of ∆m2
sun
and ∆m2
atm
in this case is found to be
Rζ ≡ ∆m
2
sun
∆m2atm
= 1 − ζ2 . (10)
Because both ζ < 1 and Rζ ∼ 10−2 are required, only a very narrow range of ζ (even smaller
than the range 0.95 < ζ < 1) can satisfy Eq. (10).
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The explicit expressions of ξ and ζ for each one-zero texture of the neutrino mass matrix
M are given in Table 1 in terms of the flavor mixing parameters θx, θy, θz and δ. In view of the
recent SK [1], SNO [2], KamLAND [3], K2K [4] and CHOOZ [9] data on neutrino oscillations,
we have ∆m2
sun
∈ [5.9, 8.8] × 10−5 eV2, sin2 θx ∈ [0.25, 0.40] [10]; ∆m2atm ∈ [1.65, 3.25] ×
10−3 eV2, sin2 2θy ∈ [0.88, 1.00] [11]; and sin2 2θz < 0.2 at the 90% confidence level. Then
we arrive at Rξ = Rζ ∈ [0.018, 0.053] as well as θx ∈ [30.0◦, 39.2◦], θy ∈ [34.9◦, 55.1◦] and
θz ∈ [0.0◦, 13.3◦). These experimental results allow us to examine which pattern of M is
phenomenologically favored, although the Dirac phase δ is entirely unrestricted.
Taking arbitrary values of δ ∈ [0, 2pi), we find that patterns A, B and C with m1 = 0,
in which the magnitudes of Rξ are suppressed by small s
2
z, can be compatible with current
neutrino oscillation data. Patterns D, E and F with m1 = 0 must be discarded, because
their predictions for Rξ are too big to agree with the present experimental data. In the
m3 = 0 case, patterns B, C, D and F are allowed by current data; and patterns A and E
are ruled out. Our numerical analyses show that pattern A with m3 = 0 yields Rζ ∼ 0.5
and pattern E with m3 = 0 yields ζ > 1, thus both patterns must be rejected. We are then
left with seven phenomenologically acceptable patterns of the neutrino mass matrix with
one texture zero and one vanishing eigenvalue. Subsequently we discuss each of the seven
patterns in some detail.
Pattern A with m1 = 0: We have ξ ∝ s2z and Rξ ∝ s4z, whose exact expressions are
independent of the Dirac phase δ. Considering Eqs. (2) and (6) for α = β = e, we obtain
σ = ±pi/2. The other Majorana phase ρ is completely unrestricted. Because of Mee = 0 in
this pattern, the effective mass of the neutrinoless double beta decay 〈m〉ee ≡ |Mee| vanishes.
This result has no conflict with the present experimental data on 〈m〉ee [12], namely, 〈m〉ee <
0.35 eV at the 90% confidence level. It is remarkable that three neutrino masses perform a
clear hierarchy: m1 = 0, m2 =
√
∆m2
sun
∼ 8× 10−3 eV and m3 ≈
√
∆m2atm ∼ 5× 10−2 eV.
Pattern B with m1 = 0: We have ξ ∝ sz and Rξ ∝ s2z, whose exact expressions are
weakly dependent on the Dirac phase δ. Considering Eqs. (2) and (6) for α = e and β = µ,
we obtain σ = (∆1 ± pi)/2, where
tan∆1 =
cxcysδ
cxcycδ − sxsysz , (11)
with sδ ≡ sin δ and cδ ≡ cos δ. The other Majorana phase ρ is entirely unrestricted. The
neutrino mass spectrum in this pattern is essentially the same as that in pattern A with
m1 = 0. Because 〈m〉ee ∝ m3sz holds, the effective mass of the neutrinoless double beta
decay is maximally of O(10−2) eV.
Pattern C with m1 = 0: We have ξ ∝ sz and Rξ ∝ s2z, whose exact expressions depend
weakly on the Dirac phase δ. Considering Eqs. (2) and (6) for α = e and β = τ , we obtain
σ = (∆′
1
± pi)/2, where
tan∆′
1
=
cxsysδ
cxsycδ + sxcysz
. (12)
One can see that ∆′
1
= ∆1 will hold, if the replacement θy =⇒ θy+pi/2 is made for Eq. (12).
Again, the Majorana phase ρ is entirely unrestricted. The neutrino mass spectrum in this
pattern is essentially the same as that in pattern A or pattern B with m1 = 0. As a result
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of 〈m〉ee ∝ m3sz, the effective mass of the neutrinoless double beta decay is maximally of
O(10−2) eV.
Pattern B with m3 = 0: If ζ and Rζ are expanded in powers of sz, one can obtain
(1 − ζ) ∝ sz and Rζ ∝ sz, whose magnitudes depend strongly on the Dirac phase δ. The
explicit dependence of Rζ on δ is shown in Fig. 1, where current neutrino oscillation data
have been taken into account. Considering Eqs. (2) and (9) for α = e and β = µ, we obtain
(ρ− σ) = (∆2 ± pi)/2, where
tan∆2 =
sycyszsδ
sxcx(s2ys
2
z − c2y) + (s2x − c2x)sycyszcδ
. (13)
Because of m3 = 0 and m1 ≈ m2 =
√
∆m2atm ∼ 5 × 10−2 eV, the mass spectrum of three
neutrinos performs an inverted hierarchy. In this case, the effective mass of the neutrinoless
double beta decay 〈m〉ee is expected to be of O(10−2) eV or smaller.
Pattern C with m3 = 0: If ζ and Rζ are expanded in powers of sz, one can also obtain
(1 − ζ) ∝ sz and Rζ ∝ sz, whose magnitudes depend strongly on the Dirac phase δ. The
explicit dependence of Rζ on δ is illustrated in Fig. 1, where the present experimental data
have been taken into account. Considering Eqs. (2) and (9) for α = e and β = τ , we obtain
(ρ− σ) = (∆′
2
± pi)/2, where
tan∆′
2
=
sycyszsδ
sxcx(s2y − c2ys2z) + (s2x − c2x)sycyszcδ
. (14)
It is easy to check that ∆′
2
= ∆2 will hold, if the replacement θy =⇒ θy + pi/2 is made. The
neutrino mass spectrum in this pattern is essentially the same as that in pattern B with
m3 = 0. Thus we expect that 〈m〉ee is of O(10−2) eV or smaller.
Pattern D with m3 = 0: If ζ is expanded in powers of sz, one can obtain ζ ∝ c2x/s2x.
Then the smallness and positiveness of Rζ depends on the Dirac phase δ in an indirect way.
The numerical dependence of Rζ on δ is shown in Fig. 2, where current neutrino oscillation
data have been taken into account. Considering Eqs. (2) and (9) for α = β = µ, we get
(ρ − σ) = ∆2 ± pi/2, where ∆2 has been given in Eq. (13). We also have m1 ≈ m2 =√
∆m2atm ∼ 5× 10−2 eV in this pattern. Thus the neutrino mass spectrum is essentially the
same as that in pattern B or C with m3 = 0. Again, the size of 〈m〉ee is anticipated to be
of O(10−2) eV or smaller.
Pattern F with m3 = 0: If ζ is expanded in powers of sz, one can obtain ζ ∝ c2x/s2x.
The smallness and positiveness of Rζ depends on the Dirac phase δ in an indirect way. We
illustrate the numerical dependence of Rζ on δ in Fig. 2. Considering Eqs. (2) and (9) for
α = β = τ , we get (ρ − σ) = ∆′
2
± pi/2, where ∆′
2
has been given in Eq. (14). It is found
that the neutrino mass spectrum in this pattern is essentially the same as that in pattern
B, C or D with m3 = 0. Thus we anticipate 〈m〉ee to be of O(10−2) eV or smaller.
In summary, we have examined whether the Majorana neutrino mass matrix M with
one texture zero and one vanishing eigenvalue can interpret the experimental data on solar,
atmospheric and reactor neutrino oscillations. We find that three one-zero patterns of M
withm1 = 0 (normal hierarchy) and four one-zero patterns ofM withm3 = 0 are compatible
with current data. Thus these simple textures of M are interesting and useful for model
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building, in order to reach some deeper understanding of the origin of lepton masses and
flavor mixing.
It is worth mentioning that the one-zero pattern F with m3 = 0 has recently been derived
by He [13] from a modified version of the Zee model [14]. One may examine that other one-
zero textures of M with m1 = 0 or m3 = 0 are possible to result from similar modifications
of the Zee model. If the seesaw mechanism [15] is taken into account, one may also derive
possible one-zero patterns of the heavy right-handed Majorana neutrino mass matrix in a
phenomenological way with a few reasonable assumptions (see Ref. [16] for some detailed
discussions).
Of course, a specific texture of the neutrino mass matrix M may not be preserved to all
orders or at any energy scales in the unspecified interactions from which neutrino masses
are generated [17]. Whether m1 = 0 or m3 = 0 is stable against radiative corrections should
also be taken into account in a concrete model, into which the simple ansa¨tze of M under
discussion can be incorporated. Between the electroweak scale (mZ) and the mass scale of
the lightest right-handed Majorana neutrino (m
R1
) in the seesaw mechanism [15], however,
the running behavior of the effective left-handed neutrino mass matrix M is rather simple
at the one-loop level (see, e.g., Ref. [18]):
M(m
R1
) = I−1g I
−1
t


√
Ie 0 0
0
√
Iµ 0
0 0
√
Iτ


−1
M(mZ)


√
Ie 0 0
0
√
Iµ 0
0 0
√
Iτ


−1
, (15)
where Ig, It and Iα (for α = e, µ, τ) stand respectively for the evolution functions of the
gauge couplings, the top-quark Yukawa coupling and the charged-lepton Yukawa coupling
eigenvalues. It becomes obvious that the vanishing eigenvalue and texture zeros of M at
mZ remain to hold at mR1, at least at the one-loop level under consideration [18]. This
interesting observation implies that our classification of M with texture zeros or vanishing
eigenvalues at low energy scales does make some sense for model building at a much higher
energy scale.
I like to thank X.J. Bi for useful discussions. This work was supported in part by the
National Natural Science Foundation of China.
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TABLES
TABLE I. Six possible one-zero textures of the neutrino mass matrix M , in which all the
non-vanishing entries are symbolized by ×’s. The neutrino mass ratio ξ ≡ m2/m3 in the m1 = 0
case or ζ ≡ m1/m2 in the m3 = 0 case is expressed in terms of the flavor mixing parameters θx,
θy, θz and δ. For simplicity, cδ ≡ cos δ has been used.
Pattern of M Case of m1 = 0 (normal hierarchy)
A :

 0 × ×× × ×
× × ×

 ξ = s2z
s2xc
2
z
B :

× 0 ×0 × ×
× × ×

 ξ = sysz
sx
√
c2xc
2
y − 2sxcxsycyszcδ + s2xs2ys2z
C :

× × 0× × ×
0 × ×

 ξ = cysz
sx
√
c2xs
2
y + 2sxcxsycyszcδ + s
2
xc
2
ys
2
z
D :

× × ×× 0 ×
× × ×

 ξ = s2yc2z
c2xc
2
y − 2sxcxsycyszcδ + s2xs2ys2z
E :

× × ×× × 0
× 0 ×

 ξ = sycyc2z√
c2xc
2
y − 2sxcxsycyszcδ + s2xs2ys2z
√
c2xs
2
y + 2sxcxsycyszcδ + s
2
xc
2
ys
2
z
F :

× × ×× × ×
× × 0

 ξ = c2yc2z
c2xs
2
y + 2sxcxsycyszcδ + s
2
xc
2
ys
2
z
Pattern of M Case of m3 = 0 (inverted hierarchy)
A :

 0 × ×× × ×
× × ×

 ζ = s2x
c2x
B :

× 0 ×0 × ×
× × ×

 ζ = sx
√
c2xc
2
y − 2sxcxsycyszcδ + s2xs2ys2z
cx
√
s2xc
2
y + 2sxcxsycyszcδ + c
2
xs
2
ys
2
z
C :

× × 0× × ×
0 × ×

 ζ = sx
√
c2xs
2
y + 2sxcxsycyszcδ + s
2
xc
2
ys
2
z
cx
√
s2xs
2
y − 2sxcxsycyszcδ + c2xc2ys2z
D :

× × ×× 0 ×
× × ×

 ζ = c2xc2y − 2sxcxsycyszcδ + s2xs2ys2z
s2xc
2
y + 2sxcxsycyszcδ + c
2
xs
2
ys
2
z
E :

× × ×× × 0
× 0 ×

 ζ =
√
c2xc
2
y − 2sxcxsycyszcδ + s2xs2ys2z
√
c2xs
2
y + 2sxcxsycyszcδ + s
2
xc
2
ys
2
z√
s2xc
2
y + 2sxcxsycyszcδ + c
2
xs
2
ys
2
z
√
s2xs
2
y − 2sxcxsycyszcδ + c2xc2ys2z
F :

× × ×× × ×
× × 0

 ζ = c2xs2y + 2sxcxsycyszcδ + s2xc2ys2z
s2xs
2
y − 2sxcxsycyszcδ + c2xc2ys2z
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FIG. 1. The numerical dependence of Rζ on the Dirac phase δ for patterns B and C with
m3 = 0, where current neutrino oscillation data have been taken into account.
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FIG. 2. The numerical dependence of Rζ on the Dirac phase δ for patterns D and F with
m3 = 0, where current neutrino oscillation data have been taken into account.
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